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PHYSICAL REVIEW B, VOLUME 64, 224526Influence of the boundary resistivity on the proximity effect
C. Ciuhu and A. Lodder
Faculty of Sciences / Natuurkunde en Sterrenkunde, Vrije Universiteit, De Boelelaan 1081, 1081 HV Amsterdam, The Nether
~Received 22 June 2001; published 26 November 2001!
We apply the theory of Takahashi and Tachiki in order to explain theoretically the dependence of the upper
critical magnetic field of a S/N multilayer on the temperature. This problem has been already investigated in
the literature, but with a use of an unphysical scaling parameter for the coherence length. We show explicitly
that, in order to describe the data, such an unphysical parameter is unnecessary if one takes into account the
boundary resisitivity of the S/N interface. We obtain a very good agreement with the experiments for the
multilayer systems Nb/Cu and V/Ag, with various layer thicknesses.
























































In trying to describe the experimental data for differe
kinds of multilayers, such as Nb/Cu or V/Ag, Koperdra
calculated upper critical magnetic fields versus temperat
using Takahashi-Tachiki theory for infinite multilayers.1 He
used as fitting parameters the bulk critical temperature of
S layer,Tc
S ; the ratio between the densities of states of
two materials,NS /NN ; and the two corresponding diffusio
constantsDS andDN .
In calculating the magnetic field anisotropy, which is t
ratio between the parallel and perpendicular upper crit
magnetic fieldsHc2,i /Hc2,' , two choices were possible fo
the diffusion constants, which led to two solutions, called
first and second solutions.2–7 For the first solution, the fitted
parameters are close to what one knows from the meas
ments. However, the dimensional crossover, typical for S
multilayers, appeared to lie at a much higher tempera
than the measured one. In the second solution the upper
allel critical magnetic field exhibits a dimensional crossov
at a lower temperature than the experimental one. A cha
teristic of this type of solution is that the superconductiv
nucleation point for the parallel magnetic field shifts fro
the S layer at low temperatures to the N layer at hig
temperatures, which seems unphysical for a S/N multila
whoseTc
N50. Another unphysical aspect is that the fitt
critical temperature for the S layer is larger than the o
known for the bulk~8.9 K!. Moreover, instead of an expecte
concave two-dimensional~2D! aspect of the curve at lowe
temperatures, the calculations lead to a convex type of cu
In order to fit the experimentally observed dimension
crossover with the theoretical one, Koperdraad and
workers introduced a scaling parametera for the magnetic
coherence length. However, the physical interpretation
this free parameter remains an open question.
Looking for a physical factor which can replace the ro
of the unphysical scaling parameter in fitting the data, Aa8
suggested to consider finite samples rather than the infi
ones on which Koperdraad and co-workers did their calcu
tions. In finite samples one has to face surface effects. Mo
calculations done on finite samples9 how that the surface
nucleation of the superconductivity is more pronounced
























one increases the thickness of the layers. Since the fit
problem mentioned above showed up particularly for thic
layer systems, taking into account surface superconducti
does not bring any essential improvement to the alre
existing results.
In the present paper we consider the influence of a S
interface resistivity, in order to get rid of the unphysical p
rametera. This is in line with experimental evidence that th
interfaces of artificial multilayers for metals with a differe
crystal structure such as Nb/Cu are quite rough.10 Indeed, we
find that a finite boundary resistivity (RB) allows for a good
fit with the experimental data.
The paper is organized as follows. In Sec. II we summ
rize the theory of Takahashi and Tachiki, and we introdu
the boundary resistivity by adjusting the boundary con
tions. We also illustrate the role of the boundary resistiv
on the proximity effect. Section III is dedicated to th
numerical results and conclusion.
II. THEORY INCLUDING BOUNDARY RESISTIVITY
First we summarize the Takahashi-Tachiki theory for S
multilayers. The theory starts from the Gor’kov equation11




E d3r 8Qv~r ,r 8!D~r 8!, ~1!
in which the summation runs over the Matsubara frequ
cies. By averaging over the impurity configurations and co
sidering the dirty limit, it was shown that the integratio
kernelQv obeys a Green’s-function-like equation
@2uvu1L~“ !#Qv~r ,r 8!52pN~r !d~r2r 8!, ~2!
where
L~“ !52\D~r !S“2 2ie\c A~r ! D
2
. ~3!
This result appears to be equivalent to a different appro
going back to Usadel.7,12 The material parametersV(r ),
N(r ), and D(r ) are the BCS coupling constant, the ele

























































C. CIUHU AND A. LODDER PHYSICAL REVIEW B64 224526coefficient, respectively. In practice, they are treated as be
constant in each single layer. At the interfaces de Gen
boundary conditions are imposed,13 which require the conti-
nuity of F(r )/N(r ) and D(r )@“2(2ie/\c)A(r )#F(r ),
where the pair amplitudeF(r ) is related to the gap function
D(r ) through
D~r !5V~r !F~r !. ~4!
Takahashi and Tachiki provide a way of solving Eqs.~1!
and~2! by developing the kernelQv(r ,r 8) and the pair func-
tion F(r ) in terms of a complete set of eigenfunctions of t
differential operatorL(“). These eigenfunctions are labele
by the parameterl, and the eigenvalues areel . They are a
solution of the eigenvalue problem
L~“ !Cl5elCl , ~5!
subject to de Gennes boundary conditions. The requirem






For finite multilayers in vacuum, the de Gennes bound
conditions ensure that there is no current flow through
interface between the multilayer and the vacuum. Th
boundary conditions readD(r )@“2(2ie/\c)A(r )#uzF(r )
50 for the pair amplitude, at the interface with the vacuu
As usual for these type of layered systems, the growth di
tion coincides with thez direction. When applied to the
eigenfunctionsCl , they become]Cl(x,y,z)/]z50, where
we made use of the gaugeA(r )5(Hz,0,0) when the mag-
netic field is applied parallel to the layers andA(r )
5(0,Hx,0) for the perpendicular magnetic field. In the a
sence of a magnetic field, the solution of Eq.~6! giving the
largest value for the critical temperature is the physical o
In the presence of a field, solving this equation allows us
derive theHc2(T) curves. The temperature at whichHc2
→0 is Tc .
A further step in applying the theory of Takahashi a
Tachiki is to consider the effect of the S/N interface resist
ity. In our calculations, we make use of more general bou
ary conditions rather than the de Gennes ones. Such bo
ary conditions were investigated by Kupriyanov a
Lukichev14 and according to Golubov and Kupriyanov15 and




















The boundary resistivityRB is a parameter which characte
izes the barrier which electrons encounter at the interfac
source of this resistance comes from the mismatch of
Fermi ~or electronic! levels, lattice structure, and lattice co















reduces the migration of the Cooper pairs from the S laye
the N layer, by that diminishing the proximity effect.
As we will illustrate in the following,RB modifies the
critical temperatureTc of the multilayer and the magneti
field anisotropy, defined asHc2,i /Hc2,' . By consequence
including RB as a parameter, the two solutions used by K
perdraad and co-workers have to be reconsidered. It will t
out that in using the boundary resistivity as a free parame
only one solution will be possible for the fitting, instead
two solutions. This solution fits the experimental data, wi
out using any other free parameter, such as the scaling
rametera.
Let us first consider the situation in which there is
magnetic field applied to the system. As mentioned alread
finite boundary resistivity reduces the proximity effect. Th
leads to a higher multilayer critical temperature than in
case of perfect transparency of the interfaces. As a co
quence, the bulk critical temperatureTc
S used to fit the
multilayer critical temperature will be smaller than the o
used by Koperdraad and co-workers. This leads us in a g
direction, since the previously usedTc
S was higher than the
measured value.
As an illustration of the influence ofRB on the proximity
effect, we calculate the dependence of the critical tempe
ture of a multilayer on the thickness of the layers for diffe
ent choices for the boundary resistivity. The results for
11-layers Nb/Cu system are shown in Fig. 1. First, one
tices that as the layer thickness decreases, the multil
critical temperature converges smoothly towards 0, wher
in the thick layer limit, it converges to the bulk critical tem
peratureTc
S . Further, the curves show that below a certa
thickness of the layers,dcr , the superconductivity disap
pears. Moreover, this critical thicknessdcr decreases with the
increasing of the boundary resistivity, illustrating the fa
that due toRB , the density of Cooper pairs is more localize
in the S layers of the multilayer, so that the system becom
a better superconductor.
We consider now the presence of a magnetic field. Wh
a magnetic field is applied to the system perpendicularly
the interfaces, due to the in-plane motion of the Coo
pairs, the influence of the boundary resistivity is weak. Ho
FIG. 1. The critical temperatureTc for an 11-layers Nb/Cu sys
tem, as a function of the layer thickness for different values of

















































INFLUENCE OF THE BOUNDARY RESISTIVITY ON . . . PHYSICAL REVIEW B64 224526ever, for the magnetic field parallel to the interfaces,
picture looks different. In this situation, the Cooper pa
move such that they cross the interface, which means
they experience the influence of the boundary resistiv
much more strongly. In the presence of a boundary resis
ity, the diffusion of the Cooper pairs from the S layers in
the N layers is diminished. The proximity effect is weak
leading to a higher critical temperature for the same mag
tude of the magnetic field. Thus we can conclude that
boundary resistivity increases the anisotropy ra
Hc2,i /Hc2,' .
In addition it appears that the dimensional crossover te
perature is shifted towards higher temperatures. This me
that the first solution is not favorable, whereas the sec
solution has chances to be ameliorated.
In the following section we will take as a starting poi
the second solution and we will present the correctio
which are performed in view of a fitting with the experime
tal data.
III. RESULTS AND CONCLUSIONS
Considering the second solution, its inconveniences c
sist in the fact that at low temperature theHc2,i(Tc) curve is
convex, instead of the well-known concave square-root
havior for the 2D systems. Besides, at high temperatures
nucleation of the superconductivity lies in the N layer, whi
is unphysical for such S/N systems. Moreover, a too la
ratio NNDN /NSDS is used in fitting, in order to obtain th
corresponding anisotropy.
All these shortcomings are remedied by considering a
nite boundary resistivity. In Fig. 2 we show results for
FIG. 2. The upper parallel and perpendicular magnetic fields

















Nb(171 Å)/Cu(376 Å) multilayer. The solid curves are o
tained by accounting for a finiteRB . The dashed curves ar
the results of Koperdraad and co-workers, which could
improved by using a scaling parameter, still lacking a phy
cal interpretation. The perpendicular field curves are not v
sensitive to the change of the parameters. We fitted the po
Hc2(Tc2)50, Hc2,i(T
DCO), andHc2,'(T* ) on the measured
critical field curves, rather than the pointsHc2(Tc2)50,
Hc2,i(T* ), and Hc2,'(T* ), used by Koperdraad and co
workers. HereTDCO is the temperature where the dime
sional crossover occurs on the parallel magnetic field cu
and T* corresponds to the experimental point at the low
temperature. In Table I, we show the data used in our fitt
(Tc
S , DS , DN , andRB!, compared to the data used by Ko




in fitting the Nb(171Å)/Cu(376 Å) system, we usedDS
52.4 cm2/s, DN578 cm
2/s, andRB53.17mV cm, instead
of DS50.65 cm
2/s andDN5138 cm
2/s, used by Koperdraad
and co-workers. The latter set is rather unrealistic, while
first set compares nicely with the diffusion constants used
Biagi et al.17 The resistivity has the same order of magnitu
as the resistivity of Nb at 77 K, which isrNb53 mV cm,
and it is an order of magnitude larger than the Cu value
0.2 mV cm. Since the interface can be considered as a d
mixture, the value ofRB looks reasonable. The use of
smaller and more realistic ratioNNDN /NSDS can be ex-
plained as follows. In the absence of a boundary resistiv
RB50, the anisotropy at a certain temperatureT* is directly
related to the ratioNNDN /NSDS . However, the anisotropy
increases when one considers a finiteRB , so that a smaller
ratio NNDN /NSDS is necessary to fit the anisotropy of th
FIG. 3. The upper parallel and perpendicular magnetic fie
experimental~Ref. 18! and theoretical curves for the multilaye
Nb(172 Å)/Cu(333 Å).
r
TABLE I. Fitting data for theHc2(T) curves, compared to the ones used by Kooperdraad.
The system Tc @K# DS @cm
2/s# DN @cm




Nb(171 Å) /Cu(376 Å) 9.20 2.4 78 3.17 9.89 0.65 138
Nb(172 Å)/Cu(333 Å) 9.20 1.23 69 2.07 9.88 0.64 180
Nb(168 Å)/Cu(147 Å) 9.50 1.45 73 2.38 9.61 0.58 231























C. CIUHU AND A. LODDER PHYSICAL REVIEW B64 224526upper critical fields. Besides, as one can notice in Fig. 2,
choice of the diffusion constants is such that the convex
havior of theHc2,i(T) curve of Koperdraad and co-worke
is turned into a concave one, characteristic for a 2D syst
Furthermore, in our solution the nucleation of the superc
ductivity takes place in the S layer, as one expects for ph
cal reasons. Clearly, good agreement between theory
measurements is obtained.
In the same way we fitted the data for two other Nb/
multilayers, as well as for a V/Ag system. The results
shown in Fig. 3 for Nb(172Å)/Cu(333 Å), in Fig. 4 for
Nb(168 Å)/Cu(147 Å), and in Fig. 5 for V(240 Å)/
Ag(480 Å) multilayer. The experimental data are taken fro
FIG. 4. The upper parallel and perpendicular magnetic fie











In conclusion, by focusing on a fit at the dimension
crossover temperature and allowing for a finite boundary
sistivity, the theory describes the experimental data nic
By that the merit of the scaling parameter introduced
Koperdraad and co-workers is reduced considerably,
more so as up to now this parameter was not assigned
physical interpretation. A finite boundary resistivity, on th
other hand, is in accordance with experimental evidence10
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s FIG. 5. The upper parallel and perpendicular magnetic fie
experimental~Ref. 19! and theoretical curves for the multilaye
V(240 Å)/Ag(480 Å).ys.
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